OCTOGON MATHEMATICAL MAGAZINE
Vol. 32, No.2, October 2024, pp 908-911

Print: ISSN 1222-5657, Online: ISSN 2248-1893
https://web.uni-miskolc.hu/~matsef /Octogon/

908

Double inequality for Hyperfactorial and
its application

Arkady M.Alt 10

Dedicated to our friend Mihdly Bencze on his 70th birthday

n
Let H (n) := [] k* (hyperfactorial) and sf (n) := 11213]...n! (superfactorial).
k=1

Theorem.
(n=1)n (n—1)n
()27 < H (n) < (n)(m+D/2 2 ,n€N.
. (n—=1)n e (n—1)n
Proof. Let L (n) := (n)"-e~ 2  and Un):=mn)""".e 2
Then
(n—1)n (n—1)n
(n)™2-e" 1~ < H(n) < ()02 272
< L(n) < H?*(n)<U(n) (1)
Vn € N.
First we will prove that
2
L(n+1)<H(n+1)<U(n+l) @)
L (n) H?2 (n) U (n)
any n € N.
We have
n(n+1) n(n+1)
[P = nnt2 ,—s—
@) (n+1) (n_el)n < (n+ 124D o (n+ 1)1 (ne_l)n "
(nh)™.e 2 (n)"tle 2
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(n+1)" < nle" (n+1)" (n+1)"
il = ——— <nl<—7—,
nl-e” < (n+1) en en

where the latter double inequality holds for any n € N.

1 n+1 1 n+1
Indeed, since e < (1 + —) ﬁ)—— ,Vn € N then
n nn+1

(k+ 1) gyt (k+ 1) 1)’”+1 (o 1" (n+1)"*
H Lk+1 —nl H n! = nl< en

Inequality

(n+1)"

= <nl <= (n+1)"<e"-nl

we will prove using Math induction.

For n = 1 we have (1+1)' < 1le! <= 2<eand

(n+2)""  (n+1)let! (n+2)"
AShE el SR G A 1 = —————= —
(n+1)" nle™ el (n+1)"*!
1 n+1
— (1 + ———) <e,
+1
Yn € N.

For any n € N assuming (n 4+ 1)" < e"n! we obtain

n+1 1pn+1
(n+ 2" = (?Jf)l) (41" < % -e™n! = (n+ 1)le .

Thus, by MI (n + 1)" < nle™,Vn € N.
Corollary.

lim _\/ﬁ__ — 3/4

n—oo "m

| n+1
Proof. Since sf (n) = (2—)(117 and
(n— ) (n— 1)n
(V% . e < H(n) < m)"D2 . e ,neN.
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then

(n—1)n

(n—41)n n!)n+1 (n—1)n (’I’L')n/2 e 4

(nl)®? .

<& T o (n)™"?

n—1)n n—1)n
1 (n!)("+1)/2-e( 4) e( 4)

< — <
~sf(n) T (nt)™*? = e =
(n—1)n (n—1)n 1/n?
. 1 o % 4 - e 4 <
o Sf (n) - (n')(n+1)/2 (n')(n+2)/2 .

(n—n \ 1/n? o1
P e S T e S L
S Varm  \@yeE | e S
< 1 < ez—:zl e%\/ﬁ -
= 2 ) (a2 S iy anE =
Vsf(n) — (nl) (n!)

n—1

e < e%‘\/ﬁ.
S AT e

We have

n—1
I ednvn i

m —— = i
n— 00 (n!)(n+2)/2n2 n—00

because

e n n!
lim (n!)n? = lim .
n—00 n—00 n

n—1

!
And lim % =el/* [lim +1 = ¢%/* by the same reason.
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n—1

1

y Squeeze theorem lim g——\/ﬁ—z = e3/4,
n—00 (n!)(n+2)/2n
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